The Bifurcation Diagram
for the Logistic Map

X1 = R X¢ (1 - X4)



What Happens Near R =3 ?

« R=29

Xg = 0.64 — 0.6681600 — 0.6429944 — 0.6657025 — 0.6453738
. — 0.6551724 — 0.6551724 — 0.6551724 — . ..

Fixed point attractor ~ 0.655

« R=3.1

Xg =0.64 — 0.7142400 — 0.6327138 — 0.7203999 — 0.6244141
. — 0.5580141 — 0.7645665 — 0.5580141 — 0.7645665 . . .

Period-2 attractor =~ 0.558 and 0.765
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Now we will turn R up to 3.1
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What Just Happened?

A stable fixed point attractor (period-1) bifurcated into
a stable period-2 attractor as R went from 2.9 to 3.1

The period of the attractor doubled

The stable attracting fixed point became an unstable
repelling fixed point

The bifurcation happens at exactly R = 3.0, when
the slope of the tangent line changes from < 1 to > 1



Period-2 Attractor for R = 3.2

Xg=0.1—0.288 — 0.656 — 0.722 — 0.642 — 0.735 —
.— 0.513 —» 0.799 — 0.513 — 0.799 — 0.513 . ..

Xg=0.2 - 0.512 - 0.800 —- 0.513 — 0.799 — 0.513 —
.— 0.799 — 0.513 — 0.799 — 0.513 — 0.799 . ..

Xg=0.3 —-0.672 —-0.706 — 0.665 — 0.713 — 0.656 —
.— 0.799 — 0.513 — 0.799 — 0.513 — 0.799 . ..

Xg=0.4—0.768 — 0.570 — 0.784 — 0.541 — 0.795 —
.— 0513 - 0.799 - 0.513 - 0.799 — 0.513 . ..
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Every Time Step: X; — X4

XO=O.1—>..

XO=0.2—>..

XO=0.3—>..

XO=0.4—>..

.— 0.513 - 0.799 — 0.513 — 0.799 — 0.513 . ..

.— 0.799 — 0.513 — 0.799 — 0.513 — 0.799 . . .

.— 0.799 — 0.513 — 0.799 — 0.513 — 0.799 . ..

.—> 0.513 - 0.799 — 0.513 — 0.799 — 0.513 . ..

Period-2 behavior



Every Other Time Step: X; — Xi4o

XO=0.1—>..

XO=0.2—>..

XO=0.3—>..

XO=0.4—>..

.— 0.513 — 0.513
.— 0.799 — 0.799
.— 0.799 — 0.799
.— 0.513 — 0.513

Fixed-point behavior

— 0.513 . ..
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Now we will turn R up to 3.5
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3.5

f(f(f(f(x)))) composition graph
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period-2 attractor

1.0

0.799

0.513

0.z




Fractal structure
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Period-doubling rate increases

= 4.6692016...
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Bifurcation diagram for the sine map

Xi+1 = (R/4) sin(m x,)

0 = 4.6692016...
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Bifurcation Diagram Zoom



https://www.youtube.com/watch?v=PtfPDfoF-iY
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